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Centering class discussions around student mathematical thinking has been identified as one of the 
critical components of teaching that engages students in justifying and generalizing. This report 
shares analysis from a larger project aimed at describing and quantifying student and teacher 
components of productive classrooms at a fine-grain level. We share results from this analysis of 39 
mathematics lessons with a focus working with public records of students’ mathematical thinking. 
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The goal of Working with Public Records of Students’ Mathematical Thinking is to make student 
thinking available to all students (Ghousseini, 2009), and to maintain common ground (Staples, 
2007). This may look like recording student ideas (Cengiz et al., 2011; Staples, 2007) and engaging 
the class to work with it. Publicizing student work has the potential to position students as 
contributors to mathematics (Cohen, 1994). We illustrate an analysis of how public records of 
students’ thinking were used in 39 lessons of grades 4-8 classrooms to productively generate 
meaningful student discourse. Students can learn mathematics when engaging with each other around 
mathematics (Schwartz, Black, & Strange, 1991). Teacher prompts that elicit reflection, 
communication, and meaningful explanations regarding a student’s work and their thinking have 
been identified as essential and beneficial for mathematical learning and understanding (Hiebert, et 
al., 1997; Henningsen & Stein, 1997; Hiebert & Wearne, 1993; Kazemi & Stipek, 2001).We 
hypothesized that lessons in which teachers engaged students in examining public records of 
students’ mathematical thinking would generate more and higher-levels of student discourse. Our 
research questions were: (1) How prevalent are public records of students’ mathematical thinking 
within the lessons? (2) Do lessons that contain public records include more student-level 
engagement, specifically higher-level cognitive engagement? Do those lessons that also contain 
selected and sequenced public records include even more than those with either a) no selected and 
sequence public records and b) more than those with no public records at all? 

Theoretical Orientation and Analytic Framework 
There is a general consensus in the mathematics education community that high-quality 

mathematics classrooms are those in which student voices are heard, and student thinking is 
leveraged as the means to move instruction forward (e.g., Ball, 1993; Jacobs & Spangler, 2017; 
Nasir, & Cobb, 2006; Schoenfeld, 2011; Turner, Dominguez, Maldonado, & Empson, 
2013). Enacting practices that foreground student thinking is complex, requires intentional and 
strategic moves, and persistence in enacting these moves over time (Staples, 2007; Boaler & Staples 
2008; Franke, Kazemi & Battey, 2007). Mathematically productive teaching routines are a set of 
teaching routines designed for accessing and working with student mathematical thinking. Research 
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has emphasized attending to students’ mathematical thinking as one of the most essential aspects of 
impactful teaching (Jacobs & Spangler, 2018; Lampert et al., 2013). 

One such teaching routine is Working With Public Records of Students’ Mathematical Thinking 
(described above). This routine can be situated within the teaching routine Working With Selected 
and Sequenced Student Math Ideas. The goal of this routine is to advance student understanding by 
fostering connections related to the core mathematical ideas on which the lesson/task focuses. Once 
teachers have learned about how their students are thinking, they need to choose how to build ideas 
with the whole class by selecting and sequencing how student ideas are shared (Stein, Engle, Smith, 
& Hughes, 2008, Stein & Smith, 2011). 

Methods 
The 39 coded lessons for this project stem from two urban school districts in the United States: 

grades 4-5 were from a large urban district, whilst grades 6-8 came from a mid-sized urban district. 
The 20 lessons from the middle school were taken from each teacher at the end of the school year, 
and the 19 lessons from the elementary school teachers were a stratified random sample, according to 
Mathematical Quality of Instruction (Hill, 2014) scores. Because this paper focuses on two teaching 
routines (Working With Public Records of Students’ Mathematical Thinking and Working With 
Selected and Sequenced Student Math Ideas), all lessons were coded for those two teaching routines. 
Each lesson was also coded for Students’ Habits of Mind (HoM) and Habits of Interaction (HoI). HoI 
focus on students’ verbal interaction with the teacher as well as with one another. HoI include 
Explaining their thinking, asking Genuine Questions, Revoicing other students’ contributions, Private 
Reasoning Time, Compare logic and ideas for similarities or differences, exploring multiple 
Pathways to solving a problem, and Critique one another’s ideas. HoM can happen within an HoI 
and focus on the cognitive activity embedded within their verbal interaction. HoM are noted here as 
Representations (Reps), Connections within and across two mathematical concepts, strategies, or 
structures, Regularity and Structure using patterns, properties, or mathematical structures, 
Metacognition (Meta) or reflection on their own thinking, recognizing, examining, or using their own 
or each other’s Mistakes, engage in Meaning of tasks and terms, Justify their thinking, and 
Generalize ideas. To summarize, HoI are the ways a student can interact with others whereas HoM 
are the mathematical activities embedded within such an interaction. These codes were developed for 
a larger study involving the Math Habits Tool, which was developed to capture mathematically 
productive components of classrooms in terms of both student and teacher in-the-moment actions. 

All coding was completed by graduate students who took part in a three-day coding training camp 
that focused on the various student and teacher-level codes used in this project. Each lesson was then 
assigned to two graduate students to code independently. After each coder had completed their initial 
coding of the lesson, the pairs of coders meet to compare their independent coding and reconcile any 
differences and disagreements. Disagreements that could not be reconciled between the two coders 
were sent to a third person for final decision. 

In considering our research questions, we grouped the 39 lessons into three themes: (1) lessons 
containing public records where at least two public records were selected and sequenced; (2) lessons 
containing at least one public record, but none that were selected and sequenced; and (3) lessons 
containing no public records. We then compared those groups in terms of quantity and type of HoI, 
and HoM within the lesson. 

Results 
Of the 39 lessons, 26 lessons (67%) did not contain public records of students’ mathematical 

thinking (Group 3), thus, student work was not displayed and worked with at all. Of the 13 lessons 
(33%) that did include public records of students’ mathematical thinking, six were further situated in 
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a selecting and sequencing routine (Group 1), while seven were not (Group 2). Thus, only 33% of the 
lessons contained student work that was actively displayed and worked with, and about half of those 
were situated in a selected and sequenced routine. 

Across all three groups, the Habits of Interaction Explain and Questions were frequently used. 
Similarly, the Habit of Interaction Private Reasoning occurred sporadically throughout some of the 
lessons. Thus, explaining mathematics, asking genuine questions, and prompting students to use 
private reasoning about mathematics are habits of interaction that are seemingly not dependent on 
reasoning with students’ work within a public record, so we removed those three HoI from our next 
level of data analysis. Generalize was not present in any of the lessons, so it too was removed from 
the next level of data analysis. 

We found that while there was generally infrequent use of higher-level Habits of Mind and 
Interaction across all 39 lessons, lessons that did use public records engaged students in higher-level 
HoM and HoI more frequently than lessons that did not. Furthermore, lessons that selected and 
sequenced the public records were found to include student engagement in these codes more often 
than lessons that did not select and sequence their public records. (See table 1.)  

Table 1: Percentage of Lessons in Each Category with Relevant Student Habit Occurrence 
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Group 1 83% 67% 83% 50% 83% 67% 33% 50% 50% 17% 50% 
Group 2 14% 0% 29% 14% 86% 29% 43% 14% 29% 0% 0% 
Group 3 8% 4% 0% 0% 23% 12% 8% 4% 0% 12% 8% 

Moreover, we found this to not only be true of the lessons, but within the public records themselves. 
Next, we consider how the student engagement within a lesson compares to the engagement 
specifically during a public record portion of class. Table 2 highlights the average percentage 
frequency of a student habit for a whole lesson in the group’s top row, and the average percentage 
frequency of a student habit for the public records portion of a lesson in the group’s bottom row. For 
example, of all the higher-level student habits used in Group 1 lessons, 15% were Compare and 8% 
of those habits took place within a public record. Because Group 3 lessons contained no public 
record, there are no student habits within a public record to display (i.e. the second row is empty). 
Notice that 50% or more of the student habits in Group 1 lessons happen within a public record, and 
with the exception of Compare, Critique, and Mistakes. 

Table 2: Frequency Percentage of Habits Per Lessons & Public Record in Each Group 
 

A
ve

ra
ge

  
T

im
e 

C
om

pa
re

 

Pa
th

w
ay

s 

R
ev

oi
ce

 
 

C
ri

tiq
ue

 

R
ep

s 

C
on

ne
ct

 

St
ru

ct
ur

e 

M
is

ta
ke

s 

M
et

a 

M
ea

ni
ng

 

Ju
st

ify
 

Group 1 56:50 15% 7% 14% 4% 28% 12% 2% 3% 8% 2% 5% 
 17:46 8% 4% 10% 2% 22% 8% 1% 2% 7% 2% 5% 

Group 2 58:30 2% 0% 14% 5% 43% 17% 10% 2% 7% 0% 0% 
 09:02 0% 0% 12% 2% 26% 14% 7% 0% 5% 0% 0% 

Group 3 45:00 11% 9% 0% 0% 32% 7% 20% 2% 0% 7% 11% 

Discussion and Future Research Plans 
Only 13 lessons (33%) engaged students using a public record of students’ mathematical thinking. 

Only 6 (15%) lessons selected and sequenced the public records. Lessons with public records showed 
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a higher percentage usage of higher-level cognitive engagement. Lessons which selected and 
sequenced the public records engage student in higher-level mathematical habits consistently more 
than lessons that did not. In fact, on average, lessons that selected and sequenced the public records 
of students’ mathematical thinking showed a 46% increase in higher-level cognitive engagement 
compared to lessons that did not. 

One explanation for this drastic difference is that in selecting and sequencing public records, 
students are exploring multiple pathways, comparing strategies, and inevitably critiquing and 
debating any contradictory or different ideas. Thus, by selecting and sequencing students’ ideas, 
teachers make these habits of interaction more accessible for the students and can more 
advantageously create a dialog around multiple ideas.  

Close to 50% or more of the student codes in Groups 1 and 2 lessons occurred within public 
records. Thus, public records are creating a time for students to engage in mathematical discourse 
more frequently and at a higher-level than time outside of the public record.  

Although important to make student thinking available to all students and work with it, it is not 
enough. Providing access to students’ ways of thinking offers ways of engaging; however, without 
selecting and sequencing the engagement is shallow and less frequent. Thus, by selecting and 
sequencing the public records of students’ mathematical thinking, an exploration and dialog using the 
habits of interaction can be sparked to ignite the higher-level conversation that leads to deeper, more 
frequent usage of habits of mind such as making meaning and justification. Therefore, as evident 
from literature (Stein, Engle, Smith, & Hughes, 2008, Stein & Smith, 2011), having students’ present 
their ideas to the class is not as effective in creating productive student discourse as carefully 
monitoring, selecting, and sequencing student ideas. Moreover, the results we have stated here 
illustrate the effects on students’ engagement when a teacher effectively selects and sequences 
students’ mathematical ideas. Further work will involve continued analysis of 61 more lessons to see 
if this pattern still holds. Additionally, this work focused on only student engagement in the lesson, 
but future work will also include analysis on teacher prompts for student engagement. 

Acknowledgments 
This material is based upon work supported by the National Science Foundation under Grant No. 

1814114. Any opinions, findings, and conclusions or recommendations expressed in this material are 
those of the author(s) and do not necessarily reflect the views of the National Science Foundation.  

References 
Ball, D. (1993). With an eye on the mathematical horizon: Dilemmas of teaching elementary school mathematics. 

Elementary School Journal, 93(4), 373-397. 
http://stats.lib.pdx.edu/proxy.php?url=http://search.ebscohost.com/login.aspx?direct=true&db=eric&AN=EJ461
722&site=ehost-live  

Boaler, J., & Staples, M. (2008). Creating mathematical futures through an equitable teaching approach: The case of 
Railside School. Teachers College Record, 110(3), 608-645. 

Cengiz, N., Kline, K. & Grant T. J. (2011). Extending students’ mathematical thinking during whole-group 
discussions. Journal of Mathematics Teacher Education 14(5): 355-374. 

Cohen, E. G. (1994). Restructuring the classroom: Conditions for productive small groups. Review of educational 
research, 64(1), 1-35. 

Franke, M. L., Kazemi, E., & Battey, D. (2007). Mathematics teaching and classroom practice. Second handbook of 
research on mathematics teaching and learning, 1(1), 225-256.  

Ghousseini, H. (2009). Designing opportunities to learn to lead classroom mathematics discussions in pre-service 
teacher education: Focusing on enactment. Scholarly practices and inquiry in the preparation of mathematics 
teachers, 147-158. 



Profiling the use of public records of students’ mathematical thinking in 4th-8th mathematics classrooms 

	 2091	

Henningsen, M., & Stein, M. K. (1997). Mathematical tasks and student cognition: Classroom-based factors that 
support and inhibit high-level mathematical thinking and reasoning. Journal for research in mathematics 
education, 524-549. 

Hiebert, J., Carpenter, T. P., Fennema, E., Fuson, K., Wearne, D., et al. (1997). Making sense: Teaching and 
learning mathematics with understanding. Portsmouth, NH: Heinemann. Hiebert, J., Morris, A. K., & Glass, B. 
(2003). Learning to learn to teach: An “experiment” model for teaching and teacher preparation in mathematics. 
Journal of Mathematics Teacher Education, 6, 201–222.  

Hiebert, J., & Wearne, D. (1993). Instructional tasks, classroom discourse, and students’ learning in second-grade 
arithmetic. American Educational Research Journal, 30, 393–425. Hodge, L. L., & Cobb, P. (2003, April). 
Classrooms as design spaces for supporting  

Jacobs, V., & Spangler, D. (2017). Research on core practices in k–12 mathematics teaching. In J. Cai (Ed.), 
Compendium for research in mathematics education (pp. 766-792). National Council of Teachers of 
Mathematics.  

Kazemi, E., & Stipek, D. (2001). Promoting conceptual thinking in four upper-elementary mathematics classrooms. 
Elementary School Journal, 102(1), 59–80. 

Lampert, M., Franke, M. L., Kazemi, E., Ghousseini, H., Turrou, A. C., Beasley, H., Cunard, A., & Crowe, K. 
(2013). Keeping it complex using rehearsals to support novice teacher learning of ambitious teaching. Journal 
of Teacher Education, 64(3), 226-243.  

Nasir, N. i. S., & Cobb, P. (2006). Improving access to mathematics: Diversity and equity in the classroom. 
Multicultural education series. ERIC.  

Schoenfeld, A. H. (2011). Toward professional development for teachers grounded in a theory of decision making. 
ZDM, 43(4), 457-469.  

Staples, M. (2007). Supporting whole-class collaborative inquiry in a secondary mathematics classroom. Cognition 
and Instruction, 25(2-3), 161-217. 

Stein, M. K., Engle, R. A., Smith, M. S., & Hughes, E. K. (2008). Orchestrating productive mathematical 
discussions: Five practices for helping teachers move beyond show and tell. Mathematical thinking and 
learning, 10(4), 313-340. 

Stein, M. K., & Smith, M. (2011). 5 practices for orchestrating productive mathematics discussions: National 
Council of Teachers of Mathematics. Reston, VA. 

Schwartz, D.L., Black, J.B.,  & Strange, J. (1991, April). Dyads have a fourfold advantage over individuals inducing 
abstract rules. Paper presented at annual meeting of the American Educational Research Association, Chicago. 

Turner, E., Dominguez, H., Maldonado, L., & Empson, S. (2013). English Learners' Participation in Mathematical 
Discussion: Shifting Positionings and Dynamic Identities. Journal for Research in Mathematics Education, 
44(1), 199-234. 

 


