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We describe results of a long-term design experiment focused on promoting mathematics learning
among multilingual ninth graders classified as English Learners. The intervention at a linguistically
diverse public high school in the US focused on a unit introducing concepts related to linear rates of
change. We analyze results from a curriculum-aligned pre- and post-unit assessment used to
document student learning across each design cycle. The main result is that students in both the PreIntervention and Redesigned classrooms made gains on the pre- and post-unit assessments.
However, student gains on the assessments were higher in the Redesigned classrooms than in the
Pre-Intervention classrooms. Additionally, on the assessment in the Redesigned classes, students
classified as English Learners made larger gains than their non-EL peers, and the majority of the
gains occurred on conceptually-focused items.
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Objective
Research on the mathematics education of emerging multilingual learners1 has shown that such
students often experience procedurally-focused instruction (Callahan, 2005), are provided low
cognitive demand tasks (de Araujo, 2017), and may have limited opportunities to engage in
disciplinary and discourse practices (Zahner, 2015; Moschkovich & Zahner 2018). Recently,
mathematics educators have engaged in design research to study how to transform the learning
environment in linguistically diverse classrooms with the goal of promoting more robust forms of
student learning (e.g., Chval et al., 2014; Prediger & Zindel, 2017). These design efforts have yielded
promising results and frameworks for integrating mathematics and language learning. In this report,
we describe results from a four-year design research effort that took place in a linguistically diverse
ninth grade mathematics classes in an urban secondary school in the US. We analyze trends observed
in the student responses to a curriculum-aligned assessment used to evaluate the efficacy of the
design effort.
Our overarching research question is: To what extent did the design effort meet its goal of
promoting student learning? In particular, we address the three specific questions
1. What was the effect of the redesign effort as measured by student response patterns on
curriculum-aligned assessments?
2. How did the assessment results differ for students classified as ELs and those not classified
as ELs (non-ELs)?

1

In our research context, multilingual students who are learning the language of instruction are classified as
“English Learners” (ELs). We use ELs when describing students as they are classified by the school. However,
when referring to this group of students more generally, we will use “multilingual students” to highlight the assets of
students learning the language of instruction.
In: Sacristán, A.I., Cortés-Zavala, J.C. & Ruiz-Arias, P.M. (Eds.). (2020). Mathematics Education Across Cultures:
Proceedings of the 42nd Meeting of the North American Chapter of the International Group for the Psychology of
Mathematics Education, Mexico. Cinvestav / AMIUTEM / PME-NA. https:/doi.org/10.51272/pmena.42.2020
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3. On what kinds of problems, conceptual or procedural, in the assessments of the Redesigned
lessons did the students make the largest gains?

Framework
This design research (Cobb et al., 2003) project utilized the Academic Literacy in Mathematics
(ALM) framework (Moschkovich, 2015, Moschkovich & Zahner, 2018), a sociocultural framework
for analyzing and designing mathematics learning environments for emerging multilingual students.
The ALM framework highlights that developing academic literacy entails developing mathematical
proficiencies (in particular, procedural fluency and conceptual understanding), engaging in
disciplinary practices, and participating in mathematical discourse. In our design efforts, we focused
on developing students’ conceptual understanding of the slope of a linear function as representing a
rate of change (Lobato & Thanheiser, 2002). Based on prior research, we know that many students
develop procedure-bound understandings of linear rates of change. For example, students can
calculate a rate of change given a well-ordered table, but then they may struggle to interpret the rate
in a given problem context (Lobato & Siebert, 2002). Therefore, one of our goals was to develop
students’ conceptual understanding of a linear rate of change as a multiplicative relationship between
quantities.
Building on insights from prior design efforts in linguistically diverse mathematics classrooms
(Chval et al., 2014; Prediger & Zindel, 2017) and the ALM framework, our redesign efforts were
based on three guiding principles: (a) aligning a conceptual focus and problem contexts across the
unit to minimize linguistic complexity, (b) integrating mathematical language goals linked to the
conceptual focus, and (c) incorporating language supports in daily lesson activities to allow all
members of a linguistically diverse classroom to engage in classroom discussions. In support of this
design research effort we collected a wide array of data and we are conducting both quantitative and
qualitative analyses of these data. In this report, we report on quantitative evidence of student
learning measured in pre-unit and post-unit assessments. These assessments were designed by the
participating teachers and researchers to align with the content of the unit, and to target both
conceptual and procedural knowledge. In this sense, the assessment provides data related to the first
component of the ALM framework (Moschkovich, 2015).

Data and Methods
Design Cycles
The classroom-based design research entailed three main phases and two design cycles, shown in
Figure 1. In Phase I, Pre-Intervention, the researchers observed ninth grade mathematics classes at
City High across a unit on linear rates of change. Students in the observed classes completed a preunit assessment at the start of the unit and a post-unit assessment at the conclusion of the unit.
Additionally, during Phase I, the researchers conducted clinical interviews with selected students
from the observed classes. Due to space restrictions, the interviews are not discussed further here.
At the conclusion of Phase I, the teachers and researchers analyzed the Phase I data with the goal of
redesigning the unit on linear rates of change. The Redesigned lessons were then pilot tested in Phase
II during Teaching Experiment (TE; Prediger, Gravemeijer, & Confrey, 2015). The teaching
experiment lessons were taught in an after school setting, which allowed the researchers and teachers
to make adjustments in the lesson designs from week to week. The TE lessons were designed using
the project design principles outlined above. The teaching of the lessons in the TE was the conclusion
of the first iteration of the design cycle and the start of the second iteration.
Finally, in Phase III, the team of teachers and researchers analyzed the data from the Phase II TE
lessons and redesigned the unit lessons from Phase II for use during the regular school day. The
participating teachers implemented the Redesigned lessons during their typical school day in Phase
410

Designing mathematics learning environments for multilingual students: Results of a redesign effort in introductory
Algebra

III. During this second iteration of the design cycle, the classroom lessons were observed and the
students in the Phase III classes completed a pre-unit and post-unit assessment (paralleling the PreIntervention observations from Phase I). In the results reported here, we focus on the assessments
that were administered at the start and conclusion of the classroom observations in the PreIntervention (Phase I) and Redesigned (Phase III) units.

Figure 1: Overall project design and phases of design cycles.

Setting and Participants
Data collection took place in ninth grade mathematics classes at City High, a large, urban high
school enrolling a linguistically diverse group of students. City High is located near the US-Mexico
border, and it serves a relatively large number of recent immigrant and transborder students.
Throughout the study, approximately 30% of City High students were classified as ELs, and an
additional 50% of the students were formerly classified as ELs. Over 75% of the students were
identified as Latinx in school demographic data, and most students classified as ELs spoke Spanish
as their primary language. Additionally, the majority of City High students were from households
with low socioeconomic status.
Six teachers participated in the design effort across the four-year project. In this analysis, we focus
on the assessment results for the students of Mr. S because he was the only teacher who participated
in all phases of the design effort. Mr. S had six years of experience at the start of the study, holds a
teaching credential in mathematics, is bilingual in Spanish and English, and has taken some courses
on teaching English learners in the content areas as part of his mathematics teaching certification
program. He participated in the study to further develop his expertise teaching mathematics to
multilingual students.
We included all students in Mr. S’s focal classes who took the pre-unit and post-unit assessments
during the Pre-Intervention (n=18) and Redesigned (n=28) phases of the research. We note that the
assessments were designed to align with the respective units. Therefore, we were not able to use the
same items on the assessments for the Pre-Intervention and Redesigned lessons. To account for these
differences in the assessment design, we converted the total scores on each assessment to the
proportion of correct answers.

Assessment
The pre- and post-assessments were designed by the researchers in collaboration with the teachers.
In both the Pre-Intervention and Redesigned units, the assessments included a mixture of
procedurally-focused items that did not require explanation, as well as conceptually-focused items
characterized by prompts for explanation. Aligning with the design guidelines for the ALM
framework (Moschkovich & Zahner, 2018), the focus of the intervention was developing students’
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conceptual understanding of rate of change. The conceptual items reflected this focus and assessment
goal. Figure 2 shows an example of a procedural item (top) and conceptual item (bottom) from the
Phase III assessment. In the Results section, we compare patterns of student responses to the
conceptually-focused and procedurally-focused items from Phase III.

Figure 2: A procedural item (top) and a conceptual item (bottom) from the Redesigned assessments.

The assessments were scored using a rubric by the research team. In general, students were awarded
points for correct responses as well as valid explanations (on the conceptual items). For the analysis
of assessment gains, we used comparisons of means and paired effect sizes (Cohen, 2013) to identify
the direction and magnitude of change from the pre-assessment to the post-assessment in each phase.
For the comparison of student performance on the conceptually-focused versus procedurally-focused
items, we also compared means and measured paired effect sizes. We used paired effect sizes
because we had both pre-assessment and post-assessment data by student. The details of these
analyses are in the Results.
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Results
We note a caveat at the outset of this section: we had relatively small sample sizes. These small
sample sizes are a result of engaging in intensive work with a small group of teachers across multiple
years. Our sample sizes were reduced by teacher turnover across study years and student
absences/mobility within each design cycle. These realities, while not ideal for statistical research,
are byproducts of working in our local school setting. In light of the small samples, we used Hedges’
correction whenever presenting claims about growth as measured by effect sizes.

Research Question 1: What was the effect of the redesign effort as measured by student
responses on the pre- and post-assessments?
To answer RQ1, we compared results of the pre- and post-assessment gains in Pre-Intervention and
the Redesigned units. Table 1 shows the pre- and post-assessment mean scores along with the paired
effect size to measure the magnitude of the gain.
Table 1: Pre- and post-assessment means for the Pre-Intervention and Redesigned units.
Paired effect size
Pre-assessment
Post-assessment
Gain
(Magnitude)1
Pre-Intervention
(n=18)

0.42 (0.17)

0.57 (0.18)

+0.15

0.80 (L)

Redesign
(n=28)

0.24 (0.16)

0.44 (0.19)

+0.20

1.12 (L)

Note: 1S: |d|<0.20,

M: 0.20 < |d| < 0.50,

L: |d| > 0.50 (Cohen, 2013)

In summary, there was significant growth in both the Pre-Intervention and Redesigned units as
measured by the pre- and post-assessments. The effect size comparing the magnitude of the pre-post
gain was larger in the Redesigned unit. While the direction of the difference in effect sizes was
favorable for our design effort, given the small sample size, we were not able to use a statistical test
such as an ANOVA to compare the difference in effect sizes.

Research Question 2: How did the assessment results differ for students classified as ELs
and those not classified as ELs (non-ELs)?
Table 2 shows the pre- and post-assessment mean scores broken out by Pre-Intervention and
Redesigned Lessons and student EL classification. As with Table 1, we included a paired effect size
to illustrate the magnitude of the differences (Cohen, 2013). The data in Table 2 indicate that while
there was significant growth from the pre- to post-assessment scores in the Pre-Intervention unit, the
effect size was larger for non-ELs (0.81) than for Els (0.58). That is, during the Pre-Intervention unit,
the students who were not classified as ELs benefitted more from the business as usual teaching.
During the Redesigned unit, however, the pattern in effect size was reversed. That is the effect size
was larger for ELs (1.44) than for non-ELs (0.94). In terms of the mean gain scores, ELs in both the
Pre-Intervention and the Redesigned lessons had larger gains than their non-EL classified peers. One
interpretation of this result is that the intervention led to larger gains for ELs than non-ELs. However,
this result is moderated by the fact that ELs in the Redesigned unit pre-assessment started relatively
low compared to the non-ELs.
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Table 2: Pre- and post-assessment mean scores by EL classification for the Pre-Intervention and
Redesigned units.
PrePostPaired effect size
assessment
assessment
Gain
(Magnitude)
Pre-Intervention
Non-EL (n=14)

0.45 (0.16)

0.59 (0.18)

+0.14

0.81 (L)

EL (n=4)

0.33 (0.21)

0.49 (0.21)

+0.16

0.58 (L)

Non-EL (n=20)

0.27 (0.17)

0.45 (0.20)

+0.18

0.94 (L)

EL (n=8)

0.17 (0.11)

0.43 (0.19)

+0.26

1.44 (L)

Redesign

RQ3: On what kinds of problems, conceptual or procedural, in the assessments of the
Redesigned unit did the students make the largest gains?
Our final research question examines patterns in student responses to the pre- and post-assessments
from the Redesigned unit. The assessment for the Redesigned unit included five conceptuallyfocused and three procedurally-focused items. Conceptually-focused items included a prompt for
explanation while the procedurally-focused items were multiple-choice questions with no prompt for
further explanation. To conduct the analysis of student results based on item type, we calculated a
subscore for each type of item (e.g., a subscore for the three procedural items, and a subscore for the
five conceptual items). Table 3 summarizes the results by type of question (Conceptual versus
Procedural).
Table 3: Pre- and post-assessment mean scores by type of item for the Redesigned unit.
Type of Item

Pre mean (SD)

Post mean (SD)

Growth

Paired Effect Size
(Magnitude)

Procedural

0.47 (0.22)

0.44 (0.26)

-0.03

0.12 (S)

Conceptual

0.20 (0.16)

0.44 (0.21)

0.25

1.27 (L)

Table 3 shows there was little change in the mean for the procedural items from the pre-assessment
to the post-assessment. However, there were significant gains in the conceptual items. This result
aligns with the focus of the redesign efforts on fostering student development of conceptual
understanding related to linear rates of change.

Discussion & Conclusion
In this report we have described quantitative findings based on pre- and post- unit assessments that
were used as part of a design research effort. The goal of the design research effort was to create a
classroom learning environment in a linguistically diverse secondary mathematics classroom where
students learn to reason about linear rates of change. The main findings presented in this report are:
1. Students in the Redesigned unit showed larger gains as measured by paired effect size with
Hedges correction,
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2. ELs in the Redesigned unit had larger gains when compared to their non-EL counterparts.
The gains by Els in the Redesigned unit were also relatively larger than their gains in the PreIntervention lessons, and
3. In the assessment of the Redesigned unit, the students had more growth on the conceptuallyaligned items than on the procedural items.
While we have shown that the paired effect size was larger in re-designed unit, we are not able, at
this point, to make a causal claim about learning linked to our design efforts. However, we can
hypothesize that some of the growth observed in our analyses can be traced back to the design
principles and the instructional activities that were developed across the two design cycles. For
example, in the Pre-Intervention lessons, we observed that most students had limited opportunities to
solve conceptually demanding tasks during their regular mathematics classes. Therefore, in the
Redesigned unit, we intentionally included conceptually demanding tasks, along with targeted
linguistic supports for students classified as ELs, to allow all students in the Redesigned classroom
an opportunity to solve more conceptually-focused problems. For example, during one of the
Redesigned lessons students were challenged to make up a story related to a graph showing distance
and time. Then they were tasked with solving non-routine problems about rates of change in other
graphs. These instructional tasks, which consistently included prompts for students to explain their
reasoning and justify responses, were similar to the conceptually-focused item in Figure 2.
One question that remains for our design efforts is why the students in the Redesigned unit did not
show gains on the procedural items. When we ran the analysis for RQ3, we expected to see growth
on both the conceptual and the procedural items. However, looking at the results in Table 3, there
was little change on the procedural tasks from the pre-assessment to the post-assessment. One
possible explanation for this lack of gain is that the learning opportunities within the Redesigned unit
did not include many tasks focused on developing students’ procedural fluency. Reflecting on the
data in Table 3 prompts us to consider whether the learning tasks in the Redesigned lessons
overemphasized a conceptual focus and did not include enough opportunities for students to develop
procedural fluency.
Despite the limitations induced by the small sample size of this study, the results presented here
highlight potential avenues for further development and research. This is of particular interest since
there are relatively few studies, like the one presented here, that have engaged in design research
focused on meeting the needs of linguistically diverse students. One potential follow-up study might
be to use the materials developed in this project in a study with a larger number of teachers and
students. Such a study, particularly one using a more controlled design, could test of the robustness
of the results presented here.
Another avenue for follow-up on this research, which we are undertaking presently, is qualitative
analyses of the design effort. In these analyses we are examining the forms of student reasoning that
were developed during the Redesigned lessons and tracing those forms of reasoning back to the
classroom learning environment. For example, we are examining the quality of student explanations
on the conceptually-focused items, and then connecting the student reasoning observed on the
assessments to the classroom observations (paralleling the analysis of Zahner, 2015). This analysis
will allow us to understand how a linguistically diverse group of ninth grade students developed
particular forms of reasoning about linear rates of change.
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